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Part I

Basics




Form factors: definition

Form factors of local operators are their matrix elements in the basis of
eigenstates of the Hamiltonian.
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be the space-time momentum of the ith particle on the line 6; > --- > 0.
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Form factors of local operators are their matrix elements in the basis of
eigenstates of the Hamiltonian. Consider a relativistic model with one neutral
stable particle of mass m on an infinite line. Let &(z) be a local operator and

p? = Mg, ch 8, p} = Mg, shb;

be the space-time momentum of the ith particle on the line 6; > --- > 0.
The form factors are the analytic continuations of the following matrix elements:
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Form factors: definition

Form factors of local operators are their matrix elements in the basis of
eigenstates of the Hamiltonian. Consider a relativistic model with one neutral
stable particle of mass m on an infinite line. Let &(z) be a local operator and

p? = Mg, ch 8, p} = Mg, shb;

be the space-time momentum of the ith particle on the line 6; > --- > 0.
The form factors are the analytic continuations of the following matrix elements:

Fe(01,...,0N)ay...ay = out(vac|@(0)|a101,...,an0N)in-
All other matrix elements are obtained due to the crossing symmetry:

out (D191, ..., bp I |O(0)]|a161,...,aNON)in
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Correlation functions are obtained via the spectral decomposition, e.g.

C@00) = 3 4 /dN" et S

x = — i= K2

! 2 Fomr\ll (2m)N
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In integrable models sets of form factors can be found exactly by solving a system
of equations (M. Karowski, P. Weisz, 1978; F. Smirnov, 1984). But relation
between the solutions and particular operators defined in terms of the basic fields
is generally problematic.




Sinh-Gordon model

Action of the sinh-Gordon model (Euclidean):
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Sinh-Gordon model

Action of the sinh-Gordon model (Euclidean):

2
Sle] = /de <(81V6<p) +uchbg0) + const .
7r

One particle of mass (Al. Zamolodchikov, 1995)
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and two-particle S-matrix (A. Zamolodchikov, Al. Zamolodchikov, 1979)
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Sinh-Gordon model

Action of the sinh-Gordon model (Euclidean):

Sle] = /d2 ((8u<,0) +uchbg0) + const .

One particle of mass (Al. Zamolodchikov, 1995)
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Sinh-Gordon model

Action of the sinh-Gordon model (Euclidean):

Sle] = /d2 ((8u<,0) +uchbg0) + const .

One particle of mass (Al. Zamolodchikov, 1995)

1

4T al(1 4+ b?) >z+2b2 b2 5

= — ~ \/8mb2p, = ~ b°.
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and two-particle S-matrix (A. Zamolodchikov, Al. Zamolodchikov, 1979)

SlIl7I'p+ IShe (_‘iﬂsign@

S(0) =
©) sm7rp—1sh0

Operator contents: exponential operators e®¥ and descendants
g . ofmpdhp...8npe®?, level = (K,L) = (X ki, Y1), spin = K — L.

We assume z = ¢! — 20 = 2! +iz?, z=a! + 20 = 2! —iz?, 0 =0/9z, 0 = 9/0z.
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Sinh-Gordon model

Action of the sinh-Gordon model (Euclidean):

Sle] = /d2 ((8u<,0) +uchbg0) + const .

One particle of mass (Al. Zamolodchikov, 1995)
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and two-particle S-matrix (A. Zamolodchikov, Al. Zamolodchikov, 1979)
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Operator contents: exponential operators e®¥ and descendants
g . ofmpdhp...8npe®?, level = (K,L) = (X ki, Y1), spin = K — L.

We assume z = ¢! — 20 = 2! +iz?, z=a! + 20 = 2! —iz?, 0 =0/9z, 0 = 9/0z.
Reflection equations for exponential operators

e = Roel@= ¥ = R_ e (@ta)¢, Q=b"1+b

with a certain function R,. For descendant operators the relations are not as
explicit.
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Operator contents: exponential operators e®¥ and descendants
g . ofmpdhp...8npe®?, level = (K,L) = (X ki, Y1), spin = K — L.

We assume z = ¢! — 20 = 2! +iz?, z=a! + 20 = 2! —iz?, 0 =0/9z, 0 = 9/0z.
Reflection equations for exponential operators
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with a certain function R,. For descendant operators the relations are not as
explicit.
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Multi-sheeted manifold and twist operator

The (Euclidean) manifold .#,:

z=a — 2% =2t +i2? = ¢,
z=al 420 =2 —iz? = (",
2

ds% = dzdz = n?¢" 1" td¢ dC.

Consider a map .#y, — R2. Then
O(x) —» 0¥ (z), s=0,...,n—1 (mod n).

Twist operator 5, (0):

0t (2,2)7(0) = 0 (2e2™, ze=2™).7(0)

Tn(0)0) (z), 22 =0, z! > 0;

(s) =
< 0¥ (2)T,(0) = {'_%(O)ﬁ(s“)(x% 2?2 =0, 2! <0.
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Let 0(¢, ) be a local operator in the (¢, ) plane. Its limit ¢,¢ — 0 gives the
composite twist operator .7, 0(0) on the (z, Z) plane.
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0(C,0) = nAHA0-0)850-3085(; 7).
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Composite twist operators

Let 0(¢, ) be a local operator in the (¢, ) plane. Its limit ¢,¢ — 0 gives the
composite twist operator 7, 0(0) on the (2, Z) plane. _

If 0 is a quasiprimary operator of the dimension (A, A) in the UV conformal field
theory

0(C,0) = nAHA0-0)850-3085(; 7).

Hence,

7,7,6)(0) — limonA+AZ(1—%)Az(l—%)Ae2wi(17%)(A75)s ﬁ(s) (27 2)
z,Z—

is s-independent. In particular, for the exponential operator (A = A = —a?2):
Tne®?(0) = lim n_zaz(zé)f(k%)o‘rzeaw(ﬁ)(z’i).
z,Zz—0

The reflection relations are modified:

e = RMe(nQ-a)e _ R(ﬁ’l)ef(n(‘?ﬂ)&)v7 Q=0b"1+0.
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Composite twist operators

Define . .
0 = 0
ol == ok =(=) ¢
e(x) (8C) ®, e(x) (34) ®
Then for any ¢ define
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Counterterms appear if the limit diverges without them and have the form known
from the conformal perturbation theory (Al. Zamolodchikov, 1987).
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Composite twist operators

Define . .
) 1o} =1 1o}
*p(z) = (8?) @, Po(x) = (3*4—) .

Then for any ¢ define

(ak@)m i d¢ ka(
%L({(akW)T'o} ﬁ)(O) B fiﬂ"ZN} 2mi¢ {ak)@(

Take the limit rg — O:

MR
YY)
—
—
9
S
~
(=]
=

(0%¢),o
In, ({ (5k<p)ro } 0)(0) + (counterterms):|

ro—0

Counterterms appear if the limit diverges without them and have the form known
from the conformal perturbation theory (Al. Zamolodchikov, 1987).

Notation: In what follows we omit the superscript (s) assuming
T~ (Z, 27 S) ~ (C? E)'

In form factors
0 = (in-particle rapidity) — 2is.
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Correlation functions and steepest descent method

In the limit b — 0 the action can be written as
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Correlation functions and steepest descent method

In the limit b — 0 the action can be written as

Sple] = i/d2:r: (% + 7Z—;(Chbgo— l)) .
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Correlation functions and steepest descent method

In the limit b — 0 the action can be written as

Sple] = é/d%} (% + TZ—;(Chbgo— l)) .

Let Vi, (z) = eb717”’9°(“°)/(,7neb71””"”>. Consider correlation functions of the form
Go({zi}n) = (p(@n) ... o(x1) Tn V. (0))
=z 1 / Do p(ay)--- S0(5,;1),;Sb[<p]+lflrwso<0>,
Now let ¢ = byp. Then Sy[p] = b~251[#] and
Gullzihn) =672 [ 766(on) -+ olar)e > S1lol o),

Here we may apply the steepest descent method. The saddle point is the solution
to the equation

5(S1[¢] — nv9(0))
59 (x)

Let z = (" =rel€, 2 = (" = re'¢. We need a radial solution

=0 & 40:0:¢ —m*[¢[** " shp = —8mnws((, ().

o(x) = ¢pu(mr) = —4nv log(ml/”m) + O(1) = —4vlogmr + O(1), r —0.
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Radial solutions to the classical sinh-Gordon equation

. . . 1
The classical sinh-Gordon equation z=("=x —=x

499¢ =sh ¢

can be rewritten in the polar coordinates mz = te', mz = te~¢ in the form
OFo+t 'oip+t 20ip =she.

There is a family of {-independent solutions (B. M. McCoy, C. A. Tracy,
T. T. Wu, 1977; S. Cecotti, P. Fendley, K. A. Intriligator, C. Vafa, 1992;
C. A. Tracy, H. Widom, 1996)
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n=0
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The classical sinh-Gordon equation z=("=x —=x

499¢ =sh ¢

can be rewritten in the polar coordinates mz = te', mz = te~¢ in the form
OFo+t 'oip+t 20ip =she.

There is a family of {-independent solutions (B. M. McCoy, C. A. Tracy,
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Radial solutions to the classical sinh-Gordon equation

. . . _ 1
The classical sinh-Gordon equation z=("=x —=x

499¢ =sh ¢

can be rewritten in the polar coordinates mz = te', mz = te~¢ in the form
OFo+t 'oip+t 20ip =she.

There is a family of {-independent solutions (B. M. McCoy, C. A. Tracy,
T. T. Wu, 1977; S. Cecotti, P. Fendley, K. A. Intriligator, C. Vafa, 1992;
C. A. Tracy, H. Widom, 1996)

= sin v
£) =D NN, A= 2
n=0

where

o—tcho;
oM (t) = dre ‘ Ont1 = 01.
2ch 9ch Zizlit1 70L+1 ' "
1

The function ¢, (t) possesses a reflection property

Pu(t) = d1-u(t) = —d—u(1).

This property corresponds is the classical counterpart of the above-mentioned
reflection property of the quantum model.
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Asymptotics of radial solutions

The large t asymptotics of the solutions ¢, are given by
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Asymptotics of radial solutions

The large t asymptotics of the solutions ¢, are given by

(o)
bu(t) = 2,\/ doe th0 L O (e72) = VBratT Y2t (140 (t71)), t— oo.

The small ¢ asymptotics is given by (B. M. McCoy, C. A. Tracy, T. T. Wu, 1977)

eForM/2 = g 42 4 31127 1O (1?) (0<v <), t— 0,
where .
,81, — 2761/ F(§ — V)'
F(% +v)

This series can be continued to all orders (E. L. Basor and C. A. Tracy, 1992;
Al. Zamolodchikov, 1994; O. Gamayun, N. Iorgov, O. Lisovyy, 2013).
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Asymptotics of radial solutions

The large t asymptotics of the solutions ¢, are given by

(o)
bu(t) = 2,\/ doe th0 L O (e72) = VBratT Y2t (140 (t71)), t— oo.

The small ¢ asymptotics is given by (B. M. McCoy, C. A. Tracy, T. T. Wu, 1977)

eForM/2 = g 42 4 31127 1O (1?) (0<v <), t— 0,
where .
,81, — 2761/ F(§ — V)'
F(% +v)

This series can be continued to all orders (E. L. Basor and C. A. Tracy, 1992;
Al. Zamolodchikov, 1994; O. Gamayun, N. Iorgov, O. Lisovyy, 2013).
In the interval f% <v< % the first term gives

ou(t) = —4vlogt + O(1), t—0,

b Inve(z)

- <,7ne7771 nve)

so that in the classical limit b — 0 we have Vu(z)

N
=" N[ év(mri) + 0@ ).
i=1
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Let us write

p(x) = b~ (mr) + x(2).
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Let us write
o(z) = b du(mr) + x(@).
Then
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Fluctuations around the saddle point

Let us write
o(z) = b du(mr) + x(@).
Then
Spl0] + b~ 1nvp(0) = b~ 2nST8 + AS[x] + const x 12,

where

[e%s) /2
Sree — i/ dtt( S (V) + h¢y()—1—¢u(t)sh¢u(t)) — 212 loge

e—0
and
2 2 2
AS[x] = é / d’z ((8”;) + b—z(ch bx — 1) ch ¢ (mr) + %(sh bx — bx) sh ¢V(mr)>
_ 1 2 (((Oux)® ”ﬁ 2
= & ///[ d z( 5 + 5 X ch ¢y (mr)
+ 208 s (mr) + (mr) 4 ).




Part II

Radial quantization
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Radial quantization

Recall the radial quantization in CFT. A free massless bosonic field ¢g(z) admits
a decomposition:

pol@) = Q+ 2P log(¢O) + Y (Fr¢+ Begr)

iz0 ik
4i Ank _ike | Ank ike) ..~k
=Q+ —Plogr+ Y (—."e‘fﬁ-f. 615)7“ :
n ke izv(o) ink ink
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Radial quantization

Recall the radial quantization in CFT. A free massless bosonic field ¢g(z) admits
a decomposition:

pol@) = Q+ 2P log(¢O) + Y (Fr¢+ Begr)

iz0 ik
4i Ank _ike | Ank ike) ..~k
=Q+ —Plogr+ Y (—."e‘fﬁ-f. 615)7“ :
n ke izv(o) ink ink

where P, Q, ay, a; are operators with the commutation relations
P,Q]=—i, [ax,a]=[ay,a]=2kdrt;, [ar,&]=][ar,P]=---=0. (1)
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Radial quantization

Recall the radial quantization in CFT. A free massless bosonic field ¢g(z) admits
a decomposition:

pol@) = Q+ 2P log(¢O) + Y (Fr¢+ Begr)

iz0 ik
4i Ank _ike | Ank ike) ..~k
=Q+ —Plogr+ Y (—."e‘fﬁ-f. 615)7“ :
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where P, Q, ay, a; are operators with the commutation relations
P,Q]=—i, [ax,a]=[ay,a]=2kdrt;, [ar,&]=][ar,P]=---=0. (1)
The correlation functions are defined as matrix elements between the vacuums:
P|0) =0, agl0) =2a,[0)=0 (k>0),
(0|Q =0, (ocla_ = (ccla_r=0 (k>0).
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Radial quantization

Recall the radial quantization in CFT. A free massless bosonic field ¢g(z) admits
a decomposition:

pol@) = Q+ 2P log(¢O) + Y (Fr¢+ Begr)

iz0 ik
4i Ank _ike | Ank ike) ..~k
=Q+ —Plogr+ Y (—."e‘fﬁ-f. 615)7“ :
n ke izv(o) ink ink

where P, Q, ay, a; are operators with the commutation relations
P,Q]=—i, [ax,a]=[ay,a]=2kdrt;, [ar,&]=][ar,P]=---=0. (1)
The correlation functions are defined as matrix elements between the vacuums:
P|0) =0, ay|0) =a,l0) =0 (k>0),
(0|Q =0, (ocla_ = (ccla_r=0 (k>0).

Generalize it to the field x. Let

4i apk ank

X@) = Qfo@) + —Pl@)+ > (T fi(0) + T fiy(@)
n h ink ink
ke L7\ {0}

with the same commutation relations (1).
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Radial quantization

Recall the radial quantization in CFT. A free massless bosonic field ¢g(z) admits
a decomposition:

pol@) = Q+ 2P log(¢O) + Y (Fr¢+ Begr)

iz0 ik
4i Ank _ike | Ank ike) ..~k
=Q+ —Plogr+ Y (—."e‘fﬁ-f. 615)7“ :
n ke izv(o) ink ink

where P, Q, ay, a; are operators with the commutation relations
P,Q]=—i, [ax,a]=[ay,a]=2kdrt;, [ar,&]=][ar,P]=---=0. (1)
The correlation functions are defined as matrix elements between the vacuums:
P|0) =0, ay|0) =a,l0) =0 (k>0),
(0|Q =0, (ocla_ = (ccla_r=0 (k>0).

Generalize it to the field x. Let

4i apk ank

X@) = Qfo@) + —Pl@)+ > (T fi(0) + T fiy(@)
n h ink ink
ke L7\ {0}

with the same commutation relations (1). Since at » — 0 the operator x must be
indistinguishable from ¢o we have

(@) = mPug(mr)e™™ ¢, fu(2) = us(mr),

up(t) = t7F (1 +0(1)), wux(t) = —logt+0O(1) (t— 0).
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Radial quantization

If we retain only quadratic terms in the action AS[x], the operator x must satisfy
the linear equation _
480x — m2x ch ¢, (mr) = 0.
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Radial quantization

If we retain only quadratic terms in the action AS[x], the operator x must satisfy
the linear equation _
480x — m2x ch ¢, (mr) = 0.

By substituting the expansion here we obtain
1" -1,/ 2,—2 _
up +t7 uy, — (chou(t) + k“t™“)up, =0

and u« satisfies this equation with k& = 0.

al form factors



Radial quantization: v =0

For v = 0 this equation reduces to the modified Bessel equation

uf 7l — (1 + K 2)u, =0
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Radial quantization: v =0

For v = 0 this equation reduces to the modified Bessel equation
uf 7l — (1 + K 2)u, =0

There is a basis that consists of two function K(t), Ix(t) for k > 0:

L e kO—tcho Lo f2mhioe ot coso
Kp(t) = 7/ dgeR0—tehd () = — dg eiFoFtcost,
2J- 27 Jo+tico




Radial quantization: v =0

For v = 0 this equation reduces to the modified Bessel equation
uf 7l — (1 + K 2)u, =0

There is a basis that consists of two function K(t), Ix(t) for k > 0:

L e kO—tcho Lo f2mhioe ot coso
Kp(t) = 7/ dgeR0—tehd () = — dg eiFoFtcost,
2J- 27 Jo+tico

Their asymptotics

tk
K (t) = 251710 (ke 15 - 0 (2= 1kl 1og ¢ I(t) = ——— + O (¢Ft2
k(1) (1%1) +0( ogt), k(1) ri(k+1)+ ("),
t
Ko(t) = —log 5 —vm + O (¢ logt), Io(t) =1+0 (t?)
ast — 0
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Radial quantization: v =0

For v = 0 this equation reduces to the modified Bessel equation
uf 7l — (1 + K 2)u, =0

There is a basis that consists of two function K(t), Ix(t) for k > 0:

L[ ) ko—tcho 1 270 ottcoso
Kk(t):f/ dgeR0—tehd () = — dp etFf+tcostd

2J- 27 Jo+tico

Their asymptotics

tk

Kie(t) = 28I (kDM +0 (27 Mg ), Ie(t) = iy

+ 0 (t*1?),
t
Ko(t) = —log 5 —vm + O (¢ logt), Io(t) =140 (¢?)

ast — 0 and

Kilt) =\ 3™ 140 (7)) Iuto) =

1, -1
et (140 ()

mt
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Radial quantization: v =0

For v = 0 this equation reduces to the modified Bessel equation
uf 7l — (1 + K 2)u, =0

There is a basis that consists of two function K(t), Ix(t) for k > 0:

L[ ) ko—tcho 1 270 ottcoso
Kk(t):f/ dgeR0—tehd () = — dp etFf+tcostd
2J- 27 Jo+tico

Their asymptotics
tk

Kie(t) = 28I (kDM +0 (27 Mg ), Ie(t) = iy

+0 (tk+2) )
Ko(t):—log%—wEJrO(thogt), Io(t) =1+0 (t?)
ast — 0 and

Ki) = [ 3o (140(7), ) = e (140(:7))

as t — oo. By comparing the small ¢ asymptotics we identify

(2R (k) KR(t), k>0

ux(t) = Ko(t), uk(t)= {2716”1 —k)I_p(t), k<O.
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Radial quantization: v =0

Moreover, the correlation functions (co|x(zn) ... x(z1)|0) are well-defined.
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Radial quantization: v =0

Moreover, the correlation functions (co|x(zn) ... x(z1)|0) are well-defined.
Namely, for ro > r1 we have

(colx(z2)x(21)[0) =4 Y Kg(mrz)Ix(mry)eFE1782),
kelz

The series converges. In particular, for n = 1 we have

(o0lx(z2)x(21)]0) = 4Ko(m|z2 — 1])

in accordance with the known result for a massive boson.




Radial quantization: v =0

Moreover, the correlation functions (co|x(zn) ... x(z1)|0) are well-defined.
Namely, for ro > r1 we have

(colx(z2)x(21)[0) =4 Y Kg(mrz)Ix(mry)eFE1782),
kelz

The series converges. In particular, for n = 1 we have

(o0lx(z2)x(21)]0) = 4Ko(m|z2 — 1])

in accordance with the known result for a massive boson. All other correlation
functions are defined by the Wick theorem.




Radial quantization: v # 0

In the general case define the solutions K, ;(t), I, 1 (t) to the generalized Bessel
equation (‘sinh-Bessel equation’)

ufl +t7 ), — (chou (t) + k%t~ 2)up =0

by the following conditions:




Radial quantization: v # 0

In the general case define the solutions K, ;(t), I, 1 (t) to the generalized Bessel
equation (‘sinh-Bessel equation’)

ufl +t7 ), — (chou (t) + k%t~ 2)up =0

by the following conditions:

@ As t — 0 the functions have the asymptotics

[k|—1
Ko = 2 oy k20,
tk
L k(1) = m(l +o(1)),

Ky o(t) = —logt+ O(1).
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Radial quantization: v # 0

In the general case define the solutions K, ;(t), I, 1 (t) to the generalized Bessel
equation (‘sinh-Bessel equation’)

ufl +t7 ), — (chou (t) + k%t~ 2)up =0

by the following conditions:

@ As t — 0 the functions have the asymptotics

[k|—1
Ko = 2 oy k20,
tk
L k(1) = m(l +o(1)),

Ky o(t) = —logt+ O(1).

@ As t — oo the functions have the asymptotics

Kun(®) =[50 72 (K5 +0 (7).
L(t) = \/%tfl/%t (K%)" +0 (1))

Here K9, is a numeric coefficient.
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Radial quantization: v # 0

The functions K, i, I, 1 ([v] < %) can be expanded in powers t2£4” and logt:

th

Z s’ - ! (0,0) _
Iu,k(t) = C(usks )t(z 4v)s+(2+4v)s , %0 = 1,
2FT(k + 1) 05720
K
7T v,k
K, ty=— | I, _i(t) — — ] .
vkt = 5 5g < vi—k(t) K=, ””“)

(s,5")
v,k

The coefficients ¢ are obtained recursively by solving the sinh-Bessel equation.
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The coefficients ¢ are obtained recursively by solving the sinh-Bessel equation.
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Radial quantization: v # 0

The functions K, i, I, 1 ([v] < %) can be expanded in powers t2£4” and logt:

th

Z s’ - ! (0,0) _
Iu,k(t) = C(usks )t(z 4v)s+(2+4v)s , %0 = 1,
2FT(k + 1) 05720
K
7T v,k
K, ty=— | I, _i(t) — — ] .
vkt = 5 5g < vi—k(t) K=, ””“)

(s,8")
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The connection coefficients read

The coefficients ¢ are obtained recursively by solving the sinh-Bessel equation.
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The functions K, j(t) admit the series-integral representation
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(Ony1 = 61).

A= sin Tv
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Radial quantization: v # 0

The functions K, i, I, 1 ([v] < %) can be expanded in powers t2£4” and logt:

th

Z s’ - ! (0,0) _
Iu,k(t) = C(usks )t(z 4v)s+(2+4v)s , %0 = 1,
2FT(k + 1) 05720
K
7T v,k
K, ty=— | I, _i(t) — — ] .
vkt = 5 5g < vi—k(t) K=, ””“)

(s,8")
v,k
The connection coefficients read

The coefficients ¢ are obtained recursively by solving the sinh-Bessel equation.
2 (k+1
o (5

)
Ko = .
YT )T ()

The functions K, j(t) admit the series-integral representation

Ky (t) o~ \2n(2n41) (n) Koy T "%

Sl = o) = S v, vl = [areen [T S

K, TLZ::O k k Egch%
(Ony1 = 61).

Note that U (t) = Ky (1).

A= sin Tv
I




Part III

Form factors via the reduction formula.

Exponential operators and chiral descendants

form factors



Reduction formula

0

Let us start from the standard reduction f T aw p/=m (';xz
p =msh
+ —

oo
: 1. ip(0)s F
a; (0)= \/Hzohn_l [ dzt PO 5 o(x),

where

<>

50 Beg®) = 50 ©) — £ Dg(0).




Reduction formula

Let us start from the standard reduction formula for a massive boson: I’ll:’” ";‘Z
p-=msh
H oo
+ _ 1 : 1 _ip(0)z 3
a'(0) = lim / dx* e'P dop(x
) = = oim e(x),

where
50 Beg®) = 50 ©) — £ Dg(0).

Rewriting it in the polar coordinates on the Euclidean plane and applying to a
correlation function

o({zi}n) = (e(zN) - (1) Tn0O)

we obtain the form factor

Fo({0:i}n)
Ttioco . X
= (—/FnZ,)"N lim <H”/ de; eimmi sh(0iFigs) 5’“) Gol{zi}n),
7§00 mtioco

where Z, is the field renormalization factor. In the sinh-Gordon model
Z, =1+ O(b*) and can be ignored in the leading order.

form factors



Form factors of the exponential op

Apply this formula to the simplest case of the exponential operator

eb7 lnmp

D) = Gty
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Form factors of the exponential op

Apply this formula to the simplest case of the exponential operator
ebflnmp

D) = Gty

Its correlation function is given by

N N
Gy ({zi}n) = <H o) 9nvu<o>> = b~V [ v (@) + 0> N).

i=1 =1

It is classical in the leading order in b.




Form factors of the exponential operators

Apply this formula to the simplest case of the exponential operator
ebflnmp

D) = Gty

Its correlation function is given by
N N
Gv({zi}n) = <H e(zi) - ynVu(O)> =N [[¢v(i) + 0> ).
i=1 =1

It is classical in the leading order in b. Substitute it into the reduction formula:

Fy({0:}w)

N
= (—Vaxb)™N lim <

Ttioco

N
dg; eimTi sh(Oitigi) 3m> H by (mry)
i=1
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Form factors of the exponential operators

Apply this formula to the simplest case of the exponential operator
ebflnmp

D) = Gty

Its correlation function is given by

N N
Gr{mibn) = <Hso COREAC )> =N [ oua) + OG> M).

i=1 =1

It is classical in the leading order in b. Substitute it into the reduction formula:
F,({0:}n)
= (—V4rb)~N hm <
— 00

N

I/

i=1 —7tioco

Ttioco

N
de; eimTi sh(6;+i&;) 3”> H ¢1/(mr’£)

Use the asymptotic formula ¢, (t) ~ /8w t—1/2e~:

— (—V2b~ 1)\m)N hm H”/ de; 1tsh(6 +E) 5, 1-1/2¢ —t]

i 1/21‘

N
= (\/Eb—lxtlggom(zo(t) +16(t))t_1/2e_t> = (Vamb=n)Y

t=mr;
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Form factors of the exponential op

Finally we obtain

sin v

N
F({0:}n) = (Vir ) +0w)

in consistency with the b — 0 limit of the exact result.




Form factors of the exponential operators

Finally we obtain

sin v

N
F({0:}n) = (Vir ) +0w)

in consistency with the b — 0 limit of the exact result.
Surely, we have the expected reflection properties

Fy({0:3n) = Fiu ({0:} ) = (D) Foy ({05} )
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Form factors of the operators 8%V,

Consider the operator J;, (8% V;,). Recall that

Tn(@* o V) = lim_ T, ((8F¢), V3.
ro—0

0
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Form factors of the operators 8%V,

Consider the operator J;, (8% V;,). Recall that

V).

T0

T (0o V,) = lim F, (%)
ro—0
In the vicinity of it we may consider the field x as a free massless boson:

ol@) = b7 6, (mlzl) + Q + 2iPlog(cQ) + 3 (B¢ k4 Begk).
i Z0 i i
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Form factors of the operators 8%V,

Consider the operator J;, (8% V;,). Recall that

Tn(@* o V) = lim_ T, ((8F¢), V3.
ro—0

0

In the vicinity of it we may consider the field x as a free massless boson:

ol@) = b7 6, (mlzl) + Q + 2iPlog(cQ) + 3 (B¢ k4 Begk).
i Z0 i i

By taking the 8% derivative and averaging over a small circle around the origin we
obtain

lim (9kp) |0) =i(k — 1)!a_x|0).
ro—0 o
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Form factors of the operators 8%V,

Consider the operator J;, (8% V;,). Recall that

V).

T0

T (0o V,) = lim F, (%)
ro—0
In the vicinity of it we may consider the field x as a free massless boson:

ol@) = b7 6, (mlzl) + Q + 2iPlog(cQ) + 3 (B¢ k4 Begk).
i Z0 i i

By taking the 8% derivative and averaging over a small circle around the origin we
obtain

(9%¢),,,|0) =i (k — 1)ta_,[0).

lim
ro—0
Thus the leading contribution to the correlation function is given by

Gorpv, {zitn) =1(k =D {oolp(zn) .- p(x1)a_g|0)y

N
=2(k =D fuym(@) [0 ¢u(mr)).

i=1 J#i
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Form factors of the operators 8%V,

In the limit x; — oo we get

-~ N 5
Gor gy, (i}n) = Golfoadn) x b () wU S,

where

K

() _ L(k) \ -1 oo R k
5 F(k) v,k n
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Form factors of the operators 8%V,

In the limit x; — oo we get

-~ N 5
Gonpv, (i) = Gulfaihn) 0 ()" i) S e

where

K

Fr(k) vk’
To apply the reduction formula we will need the identity

() _ L) y1pee0 K
’ n

+i . k(0+13)
/7r e dg it Sh(0+i€) g—ike _ ek(9+%)1ik(t) e p)
—im+ico 27 t—oo V2T

form factors
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Form factors of the operators 8%V,

In the limit x; — oo we get

-~ N 5
Gor gy, (i}n) = Golfoadn) x b () wU S,

where
oo

)
* (k) vk’
To apply the reduction formula we will need the identity

(n

K

I'(k) A lE Pk
n ’

+i k(0+13)
/7r ico %eitsh(9+i§) —ikg _ k(0+IF Ik (®) e 2120
—im+ico 27 t—oo V2T

Finally, we obtain

Fotp, ({033) = b (2 ) (’”Ze’”l x B ({0:1n).
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Form factors of the operators 8%V,

In the limit x; — oo we get

-~ N 5
Gor gy, (i}n) = Golfoadn) x b () wU S,

i=1
where Ik ,
k() — (~))\71Koo~7 Pk
5 F(k) v,k n
To apply the reduction formula we will need the identity
+i : k(6+17)
/7r e dg it Sh(0+i€) g—ike _ ek(9+%)1ik(t) e 2120
—imtico 2m oo \/E
Finally, we obtain (\/ES“;?”)N

3 I_C N ~ f_/%
im n )
Fargv, {0itn) =b (*2 ) ”,(,12 > ekl B ({0:} ).
=1

For n = k = 1 we immediately reproduce

0e™? = adpe?.

form factors



Naive rule

It is suggestive to think that we could obtain form factors of descendants
according to the rules:

Bkapab(i%rv ninlzeke 5kgoﬁb<g) fil(f,zefke

and the sum up over all noncoinciding values of i.
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Naive rule

It is suggestive to think that we could obtain form factors of descendants
according to the rules:

Bkapab(i%rv ninlzeke 5kgoﬁb<g) fil(f,zefke

and the sum up over all noncoinciding values of i.
But it contradicts the exact results. What is the problem?
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Naive rule

It is suggestive to think that we could obtain form factors of descendants
according to the rules:

Bkapab(i%rv ninlzeke 5kgoﬁb<g) fil(f,zefke

and the sum up over all noncoinciding values of i.

But it contradicts the exact results. What is the problem?

This rule ignores the contributions from the interaction terms, which are of the
same order in b as the terms obtained by this rule.

form factors



Contribution of the interaction terms

Consider two diagrams:

Di1p D2 Vyy Dy1p DoV,
D1y Day Dip Dy
bx3sho‘y

: 7 : 33
= . - B o —
< § ‘ - Z § £ -
< 3 § & $ < = &
n < = = n < $ =
i | = 7 7

~ ~ ~

Order: b'~Np=p2—N

Order: b2—N




Contribution of the interaction terms

Consider two diagrams:

Di1¢ Dap Ve D1 Dap Vi
D1y Day Dip Dy
bx3 sh ¢,

3 7 : 73
g > = — g z oz —
3 & = Y 3 £ & g
< Y g B S T X B
in < ~ = - S © =
| — > | — —
i | i | |

= = =

Order: b2—N Order: b1=Np = p2=N

Both diagrams are of the same order.



lon terms

Contribution of the intera

Consider two diagrams:

Di1¢ Dap Ve D1 Dap Vi
D1y Day Dip Dy
bx3 sh ¢,
2 7 . i
g = T -~ g z oz -~
= ) Z = 8 8 Z
< = g & < < 3 &
n < < = n < € =
- = - -
= [ i I |
= = =
Order: b~ Order: b1~Np =p2~N
Both diagrams are of the same order.
Explicitly the right diagram looks like
bm? — N2
2, 300, -1
S ool T [x(ow) [ Py @):sh b (mlyl) (D2x)y, (D1x)s, ] 1000 [T 67 6000)
i=1

where T, is the r ordering.
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The operators 9% 9oV,

In this case we can easily take the limit rg1, 702 — 0 and obtain

_ Gakgo Al Vu({'r’b}N)
k-1l —1)

bm?
= (eloton). (o) (1= T [ @y upshoutmbl) ) a_railo)e
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The operators 9% 9oV,

In this case we can easily take the limit rg1, 702 — 0 and obtain

_ Gakgo Al Vu({'r’b}N)

(k—1)! (- 1)
m2
= (eloton). (o) (1= T [ @y upshoutmbl) ) a_railo)e
o5, TR+
= (oolp(zN) - - p(x1) (1+12 Ok, mb S (0)a - lakaz) a_ga_;[0),

— (olp(en)- o) (apa- z+41£((:)7;f ©a--1) 101
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The operators 9% 9oV,

In this case we can easily take the limit rg1, 702 — 0 and obtain

_ Gakgo Al Vu({'r’b}N)
k-1l —1)

= (colp(an) ... p(x1) (1 -

d?y P (y): sh¢u(m\y|)) a_ga_;[0),

o5, TR+
= {oolp(@n) - .- p(21) (1+12 o, mb kl(o)a k— lakal) a_ga_;[0)y
Dk +1) .
T(OTE

= (oolpan) - plen) (asac + 4T ©)a-k—1) 0}

The integrals
oo
TEO = [ dr (K (D)Ko (1) sh (1)
t

can be taken analytically and have a finite limit as ¢ — 0 for k,1 > 0
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Integrals JJ (t)

The integrals jljl— (t) can be expressed in terms of the solution to the equation
(02 + 10 — chy — (b + )2 2) Ky j(t) = Koy (6K, 1 (£) sh by (1)

with the asymptotics

wkTnl ) RS, Nt

oo KRR [RED (T oo
wki(t) = 8\ \/27’r1f_1/26_’f7 t — 0.

The connection coefficient reads

1 1 92k+21—5 2 p1pa sh 2p1 shps
=~ —Jem T dp1dpz —5 . —
KXg K% mTRTOT(E+1) Jre [1;_; (ch? mp; — sin? 7v)
% r k 4 ie1p1 + ie2p2 r I +ie1p1 +ieap2 ‘
- 2 2
£1,e0==%1

In special cases there are more explicit formulas.

form factors



Integrals JJ (t)

The integrals jljl— (t) can be expressed in terms of the solution to the equation
(02 + 10 — chy — (b + )2 2) Ky j(t) = Koy (6K, 1 (£) sh by (1)

with the asymptotics

wkTnl ) RS, Nt

oo KRR [RED (T oo
wki(t) = 8\ \/27’r1f_1/26_’f7 t — 0.

The connection coefficient reads

1 1 92k+21—5 2 p1pa sh 2p1 shps
=~ —Jem T dp1dpz —5 . —
KXg K% mTRTOT(E+1) Jre [1;_; (ch? mp; — sin? 7v)
% r k 4 ie1p1 + ie2p2 r I +ie1p1 +ieap2 ‘
- 2 2
£1,e0==%1

In special cases there are more explicit formulas.

It turns out that
oy SRS (1
OB - -
40 K K

oo
vkl v,k+1
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Return to the form factors. We have
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Return to the form factors. We have
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In particular, for [ = n we have K°°. = K. and
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Form factors of the operators 0%y 0'¢

Return to the form factors. We have

) N . _ N
Fak(palq,vu ({ez}N) _ b2 <1m) (n) (n) Z C;;gi+l‘9j _ Ku,k+l ZC(1;+[)9i
F,({0:}n) 2 Fuktul K '

i,j=1 vkl i=1
In particular, for [ = n we have K°°. = K. and
vkl v,k
) . i K°e,
Fakwa'n(pvu ({91}N) _ b2 (ﬁ)lﬂ—l . n)m(n Z eke +0; v k+1 Z (k+1)0;
F,({6:}n) 2 vk =1 l, =t

For n =1 it is consistent with the identity

0 (Bkcp e™¥) = 8* 1o e 4 a8k p dpe™?
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The operators %@ 'V, (k > 1)

There are two complications here:
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The operators %@ 'V, (k > 1)

There are two complications here:

e The circle average of the operator 8¢ contains an annihilation operator,
which contributes the term with §(3):

(@), =il ((lf‘_ﬂf,[)méfl - (5lfl.)roaz) .




The operators %@ 'V, (k > 1)

There are two complications here:

e The circle average of the operator 8¢ contains an annihilation operator,
which contributes the term with §(3):

(@10),y =7 (O ), 81— (B, )

T0

o The S®) contribution contains the integrals
(oo}
I, () = / dr 11, 1 (T) Ky 1 (T) Ky 1 (7) sh o (1),
t

t
20() = /0 dr 71y 51 () Ky o ()L (7) sh o (),

which contribute the terms divergent at rg — 0. This demands
renormalization.
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The operators %@ 'V, (k > 1)

There are two complications here:

e The circle average of the operator 8¢ contains an annihilation operator,
which contributes the term with §(3):

@To _ -t (@ma,l - (5lfi)mal) )

o The S®) contribution contains the integrals
(oo}
~ (t) :/ dr 11, 1 (T) Ky 1 (T) Ky 1 (7) sh o (1),
t
o t
(1) = / dr 71 oy () Ky (F) L () sh (),
0
which contribute the terms divergent at rg — 0. This demands

renormalization.

After the renormalization for generic values of v, k,l the answer looks simple:

~ OO_ - N
Fak,atpv, {0iN) _ iy (@)Hl (n) . (m) < ROi—10; Ku,k—l e(@f)9i>
5 > k=t .
1

F,({0:3n) Pkt \ 2o oy S e
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The operators 9¥¢ OF

This case is more special, because even in the term without interaction

(0%¢),ga—k|0)y = 2i(9" fr), 10)v # 0.
The ratio of the connection coefficients reads

o0 2 mk
K2% cos” -

Ky,k.—k - Ccos T (% + V) cos T (g — 1/).
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The operators 9¥¢ 0k V,,

This case is more special, because even in the term without interaction

(0%¢),ga—k|0)y = 2i(9" fr), 10)v # 0.
The ratio of the connection coefficients reads

KS?O _ cos2%k
ka__k cosw(%—&—y) cosw(g—y).

After the renormalization the form factors read
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The operators 9¥¢ 0k V,,

This case is more special, because even in the term without interaction

(0%¢),ga—k|0)y = 2i(9" fr), 10)v # 0.
The ratio of the connection coefficients reads

o0 2 mk
K2% cos” -

K% —k " cosm (% +v)cosm (g -v)

After the renormalization the form factors read

(n) ) -
Fa’wé’“wvu({el}N) _ b2 (ﬁ)?k %(nk) 2
FY ({03} w) 2/
N . K= 2 )\2
x Z ek(Gi*Gj) _ w0 (N + L + const) .
ij=1 K%k b2 sinwk

For N = 0 we obtain the vacuum expectation value

i m2k T2(R)T(1 — k) K25
(Tn(@ 8% V) = —2n (5)
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The operators 9¥¢ 0k V,,

This case is more special, because even in the term without interaction

(0%¢),ga—k|0)y = 2i(9" fr), 10)v # 0.
The ratio of the connection coefficients reads

o0 2 mk
K2% cos” -

K% —k " cosm (% +v)cosm (g -v)

After the renormalization the form factors read

(n) ) -
Fa’wé’“wvu({el}N) _ b2 (ﬁ)?k %(nk) 2
FY ({03} w) 2/
N . K= 2 )\2
x Z ek(Gi*Gj) _ w0 (N + L + const) .
ij=1 K%k b2 sinwk

For N = 0 we obtain the vacuum expectation value

- my 2k T2(R)T(1— k) K%
(Tn(@ 8% V) = —2n (5) 0 2+ O,
v,—
It can be shown that at the poles k= 2,4,... the vacuum expectation values are

in fact finite but of the order b=2. They also can be calculated.
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Conclusion

e The semiclassical approach allows one to calculate form factors for small b on
the background of a classical solution. The classical solution is determined by
the exponential operator at the origin.

o The basis for quantum fluctuations about the classical solutions is given by an
equation that generalize the Bessel equation (‘sinh-Bessel equation’).

o In the leading order in b quantum contributions appear for descendant
operators. Moreover, the interaction terms in the also contribute the leading
order.

o The contributions of the interactions can be effectively found by use of
inhomogeneous sinh-Bessel equations.

Beyond this talk:

e The operators with two chiralities demand the renormalization consistent
with that of the conformal perturbation theory.

o The operators 90 e*¥ (and, probably, all other mixed derivative operators)
vanish after renormalization.

o The mathematical part of the technique is deeply related to the Tracy—
Widom approach to the classical sinh-Gordon model. The sinh-Bessel
function can be naturally interpreted and treated in this approach. Moreover,
they admit a generalization to non-integer subscripts k, which can be used in
the description of operators at the branch points of folded plane. (Not
discussed in the talk.)

al form factors
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